Abstract This paper discusses some ways to achieve large tilting motions with PKM by resorting to articulated travelling plate. Different known options are firstly presented: remote actuation, hybrid architectures, redundancy, rotation amplification and translation-to-rotation transformation.
Introduction
The idea of parallel mechanisms resorting to a non-rigid (or: articulated) moving platform which includes passive joints has been introduced recently and a few academic prototypes have already demonstrated the effectiveness of this principle [3] [7] implemented for Scara motions. Indeed, the 4 dof 1 of Scara motions are well adapted to pick-and-place tasks: 3 translations to carry an object from one point to another, plus one 360-degreerotation about a given axis in world coordinates for the orientation. Robots inspired from Delta [1] architecture encountered a real commercial success achieving this task because of their high dynamics. This is due to the lightweight (actuators are fixed on the base) parallel (having closed kinematics chains) design. However, the RUPUR kinematic chain (R: Revolute, U: Universal, P: Prismatic, bold letter stands for actuated joint)) that transmits the rotational motion from a revolute actuator fixed on the frame to the effector (see Figure  1 ) may become a weak point. This is particularly true for Delta with huge workspace or, even more, with linear Delta that might be used for designing machine-tools.
Most of recent researches in that field have proposed different designs for obtaining Scara motions either for serving as pick-and-place robots, or for being a part of a more complex machine-tool; some of them are parallel mechanisms, like Kanuk [2] or H4 [3] , some others have non-fully-parallel designs [4] . Other four-dof parallel mechanisms have been studied in the past, but they are dedicated to different applications such as Koevermans' flight simulator [5] and Reboulet's four-dof wrist [6] . Even more recently, a machine with a moving platform including passive prismatic joints and a "Translation-to-Rotation" transformation system has been introduced [7] ; in the later paper it was shown that for a very specific design ((i) four linear motors in the same plane and aligned on the same direction, (ii) a three-part moving platform) it was possible to get a realistic practical design and very simple kinematics model in closed form for both Inverse and Forward problems.
The aim of this paper is to go one step further and to propose two ideas:
It might be indeed possible to obtain a 4-dof design which compares directly with commercially available Delta-based robots (e.g. the FlexPicker, an ABB Robotics equipment) in terms of technology, workspace, and performance while avoiding the RUPUR kinematic chain. (4) It might be possible to design a 5-dof machine with large tilting angle about two axis.
To do so, we have designed a prototype of a machine we called I4R by resorting to several components from FlexPicker. In this paper, this prototype is described and the way to achieve the desired rotation is discussed. Then, geometrical models are derived (a nice feature for this robot is that the forward geometrical model can be written in a closed form). Afterward, a kinematic modelling able to witness to all the singularities of the robot is established: this is based on a detailed modelling of the so-called "spatial parallelograms" which are described here for what they really are (two SS chains). It shows up the geometrical condition that must be validated in order to get the desired motions.
Moreover, we present here an "extension" of this principle (an articulated travelling plate with a passive linear joint) by combining it with actuation redundancy so that we obtain a 5-dof, large-tilting-angle solution.
3
Getting large tilting angles It is well established that PKM suffer from different types of singularities that are often said to belong to two families:
• Serial-type (or under-mobility) when the mechanism looses one (or more) degree of freedom;
• Parallel-type (or over-mobility) when the mechanism's stiffness vanishes in one (or more) direction. This paper will later discuss this description of singularities (even explaining that additional problems exist …) but it is nevertheless true that the tilting angle is often limited by parallel-type singularities. So far, different solutions have been proposed to overcome that problem and getting larger tilting angle, as described in the following sub-sections.
3.1
Remote actuation One way to get large tilting angle is to arrange one revolute joint on the travelling plate (in a "serial" way) and, to limit the moving parts masses, to place the actuation in a remote location, that is, the base. It is the option selected for most Delta robots, as in Figure 1 which shows the telescopic fourth chain (with an RUPUR arrangement) dedicated to the tool rotation. This principle allows the rotation range to be as large as for serial chains (indeed, the last rotation is actually arranged in a serial way ... ) while keeping the moving masses low because the motors is still fixed on the base. 
Hybrid architectures
Kinematic optimisation is always an opened option when a PKM has to be designed, and it is often feasible to select an "optimal" set of design parameters (position of actuators, length of legs, etc.) to maximise the workspace of a mechanism in terms of tilting angle range. Obviously, this optimisation process is made easier if some constraints are removed, for example if the machine is designed for tilting purpose only.
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This solution leads to machines made with two sub-parts, each of them specialized in part of the task, e.g.:
• An X-Y serial machine can carry a Z-A-B PKM module, this module carrying the spindle and offering a larger-than-usual tilting range ( Figure 2 ); • One part of the machine carries the spindle, while the part is moved by another sub-part, following the robotics "left-hand/right-hand" concept. Again the PKM module may easily be optimised for large tilting angle (Figure 3 ).
3.3
Redundancy The general concept of "redundancy" applied to mechanism theory can be roughly stated as follows: installing more actuators than the number of the TCP's degrees of freedom. For serial chains, this gives, for a given position of the TCP, and infinite number of actuated joints positions. Selecting properly a set of joints position may help in avoiding singularities. This option (called "kinematic redundancy") exists for PKM but it has been used in a very limited numbers of cases ( Figure 4 shows one example of such an arrangement). The principle is here to select among the possible joint positions, one position that is far enough from singularities.
Moreover, PKM offer the ability to create a different type of redundancy, called "actuation redundancy", that can be described as follows: for a given set of external load, an infinite number of joint force sets exist for balancing the external load. In that case, the principle is to choose among the possible set of joint forces, one set of forces which guarantees a good stiffness (see [16] for a good implementation of such a principle).
This type of redundancy has been studied in more details for PKM than the previous one (for kinematic redundancy most efforts had been dedicated to the serial case) and several prototypes have been built, giving researchers the opportunity to evaluate control schemes. Indeed, control is here the key issue since actuation redundancy leads to over-constraint mechanisms; consequently internal forces may exist, and control schemes have to cope with that. We have, for example, done such works on a 3-dof test bed called Archi (see Figure 5 ). 
3.4
Rotation amplification In recent years, we have studied such an option in some details, by proposing different mechanisms architectures based on one key principle: designing a travelling plate which includes passive revolute joints. This was the base of H4 architecture, a mechanism for "Scara-like motion", that is XYZ translation, plus a rotation about Z axis. As depicted in Figure 5 and Figure 6 , H4 is based on 4 identical elementary chains (R[SS] 2 chains) and a travelling plate equipped with 3 passive revolute joints. The last revolute joint is moved by a coupling system about a 360-deg range, which related its motion to the motion of another passive revolute joint that has only a 90-deg range.
Moreover, we have studied the principle of rotation amplification about not only one axis, but two axes. Even though such ideas remain quite preliminary (none implementation have been tested so far), it shows that it might be possible to create mechanisms that could double a PKM traveling plate rotation about two axis: the Twice concept aims at such a result, and might be mounted on top of a classical PKM, e.g. in Figure 7 , on a Delta.
3.5
Translation-to-Rotation transformation It has been shown that H4 is an architecture providing Scara motions. One specific feature of this architecture is its articulated nacelle (made with two pivot joints) which is linked to the base by four identical Delta-like "spatial parallelograms". This nacelle can be equipped with an additional gear-based amplification system leading to a large and adjustable range of motion in orientation. However, some of its limitations can be pointed out:
• When the tool orientation changes, the Jacobean matrix condition number may vary a lot, leading to important changes in the machine behavior;
• It has been proved that the relative positions of the four "spatial parallelograms" must be properly selected to avoid singular cases;
• Its forward geometrical model has not been established in analytical form, except for specific arrangements. It has been proposed (see Figure 8 -left) to build traveling plates with prismatic passive joints instead of revolute joints. It is always possible to transform this translational motion into a rotative one by means of rackand-pinion, belt, cable-and-pulley, … as shown in Figure 8 -right. This solves most difficult points due to revolute joints: models are simpler, load balance is easier to achieve, general design is simpler, …
4
I4R: an efficient implementation of T-to-R transformation This 4-dof design might compare directly with commercially available Delta-based robots.
4.1
Description of the prototype The practical design is extremely simple thanks to the forearms and spatial parallelograms taken from the FlexPicker (see Figure 9 , left hand side).
The main difference with the FlexPicker results in the use of 4 parallelograms instead of 3. Furthermore, instead of being rigid, the moving platform is articulated and does not require the kinematic chain transmitting the rotational motion to the end-effector. It is composed of two different parts (while the machine in [7] utilizes a three-part moving platform) linked together by a prismatic guide, plus a pulley-cable system which transforms the relative translation of both parts into the desired rotation (see Figure 9 , right hand side).
It gives a workspace similar to FlexPicker's one -a 1-meter radius, 0.2-meter high cylinder -but overcomes the problems due to the effector's rotation. The brushless revolute actuators are associated to gear units with very low backlash (<1'). Moving parts are intended to be as light as possible: forearms and parallelograms are carbon fibre parts (from ABB Robotics), while the travelling plate is made of aluminium. 
4.2
Basic modelling In Figure 10 , a joint-and-loop graph is depicted: grey boxes represent actuated joints, white boxes passive joints. Underlined letter stands for a joint equipped with sensors. Circles express a coupling between two joints. It is worth noting that this mechanism is, on one hand under-constrained (as for many Delta-like designs, each rod between two S joints can rotate about its own axis) and on the other hand, over-constrained (a Grübler analysis would show one degree of constraint). Figure 11 depicts the whole geometry of the mechanism. 
[ ]
* i u characterizes the orientation of the forearms:
2 Each geometrical vector u will be associated to a column vector u expressed in the canonic base ( , , ) 
where i α are angles measured about z e relatively to x e . * A i is the geometrical point located in the middle of 1 A i and 2 A i representing the spherical joints centres:
with : [ ]
where: L is the length of the bars. * B i is the geometrical point situated in the middle of 1 B i and 2 B i representing the centre of the spherical joints between the forearms and the moving platform:
with:
( 1 v characterises the direction of the guide and R is the radius of the pulley: t Rθ = .) As it is usual for most parallel robots, the inverse position relationship is easy to derive from the following equality:
where i l is the vector joining A i to B i ( i
For this robot the resolution is derived for rotational motors as in [10] and leads to:
where:
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( i B is given by relation (6) when knowing the operational coordinate vector. " . " represents a dot product).
Making the classical change of variable:
leads to a second degree polynomial equation. Once solved, only the root corresponding to the realistic posture is kept, and the joint coordinates can be written as follow:
with i a , i b et i c the polynomial coefficients:
Note: the forward kinematic model can be derived in closed form too, but the derivation is not shown here for lack of space.
4.3
Singularity analysis Singularities analysis is often based on analysis of the standard Jacobean matrices x J and q J representing the input-output velocity relationship:
where q and x are respectively the joint velocity vector and the operational velocity vector.
But other kind of singularities can occur [8] . To enlighten them, a deeper analysis is required. At first, we will recall the fact that "spatial parallelograms" can be seen in two different ways, and that we consider here the realistic case where spherical joints are modelled as 3-dof joints and not 2-dof joints. Then, two types of modelling will be given: one suggesting that the linear guide is a cylindrical joint (isostatic modelling), and another assuming that it is a prismatic joint (over-constrained modelling). In both case, geometrical constraints, which must be fulfilled to get rid of internal singularities, will be derived.
Preliminary remark
According to Hervé's notations [13] for displacements subgroups, { } T stands for the subgroup of spatial translations and { } ( ) X u stands for the subgroup of Schoenflies displacements (or Scara motion), where u is a unitary vector collinear to the rotation's axis. If a closed loop mechanism is composed of two chains producing Schoenflies displacements with ≠ v u, then:
that is to say that such a mechanism will produce only three translations. The case of machines with RR(RR)2R chains (Figure 12-a) is easily handled with such a technique since those chains correspond to Schoenflies subgroup. 
Isostatic modelling
Here, the prismatic guide is represented by a cylindrical joint offering one degree of freedom in translation and one degree of freedom in rotation along the same axis. Such a hypothesis offers: (i) a number of internal dof consistent with a Grübler analysis (no internal constraint), (ii) a model of prismatic joint with very low torsional stiffness.
On the one hand, a 4-dof subset made of the actuators can be observed. On the other hand, an 8-dof travelling plate can be found: 3 for positioning, 3 for orientating, and 2 considering inter-part mobilities (the linear guide is represented by a 2-dof cylindrical joint). Single bars equipped with spherical joints separate both subsets. Each implies that the distance between their extremities is invariant:
where ij l is the vector joining A ij to B ij ( ij
Deriving this relation leads to the "equiprojectivity" of velocities of the extremities of each rod:
where A ij v (respectively B ij v ) represents the velocity of point A ij ( B ij ) relatively to the ground.
As a consequence, a linear system representing the whole kinematic of the mechanism can be derived when writing the "equiprojectivity" relations for the 8 rods: Next step of the method consists in doing elementary operations on this system (which do not affect the rank of the system) to end up with the following system: 
and taking into account the fact that rods 1 i and 2 i are parallel, in working situation, leads to such a system. The results are:
for ( , , ) {(1, 2,3), (1, 2, 4) , (1, 3, 4) , (2, 3, 4) } i j k ∈ .
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5
Eureka: combining redundancy and T-to-R Transformation This section of the paper introduces a novel mechanical architecture which combines two of the previous features; Eureka, the proposed machine, is redundant (6 motors for 5 dof provide actuation redundancy) and it is based on a three-part travelling plate with two linear joints. The machine offers 3 translations and 2 rotations with large tilting capabilities in both directions; the first axis of rotation has a constant direction with respect to a fixed frame, the second axis is orthogonal to the first one.
A detailed kinematic analysis is carried out and leads to geometrical conditions to be verified by the mechanism for proper functioning. Then a kinematic modelling illustrates the mechanism simplicity and provides a first evaluation of the machine workspace. Finally, preliminary information is given regarding practical implementation of this new architecture.
5.1
General concept Eureka, the proposed machine is a 6-actuator / 5-dof parallel mechanism. In Figure 13 , a joint-and-loop graph is depicted: P, R, S and U stand for Prismatic, Revolute, Spherical and Universal joints. Grey boxes represent actuated joints; white boxes passive joints. Underlined letter stands for a joint equipped with a position sensor. Circles express a kinematic coupling between two joints.
As for Delta and H4 architectures, the actuators are fixed on the base to reduce moving parts' masses. As for Delta and H4, motors may be rotational or linear, the ball joints may be replaced by U-joints (to get rid of internal motions). One must notice the machine's symmetrical architecture: the machine's upper and lower parts are identically made of a "spatial-parallelogram" and two single rods. Each single rod is connected to "spatial parallelogram". Note that, in general, the "spatial-parallelogram" chains (that is: P(SS) 2 chains) implement only one constraint on a mechanism (3 translations and 2 rotations remain feasible); would a "spatial-parallelogram" be made of PR(RR) 2 R chains (as done on the Orthoglide [23] ) it will implement two constraints on a mechanism (3 translations and 1 rotation remain feasible).
The travelling plate is the one introduced in [19] with the I4 robot: while two sub-parts shift relatively one to the other, a mechanical device transforms this motion into a rotation. Two types of travelling plates exist (see Figure 15 ): Type 1 is made of two prismatic joints and two kinematically coupled rack-and-pinion systems. Type 2 is made up with one part less, but looses Type 1 symmetrical design (good for balancing load among the parts).
5.2
Workspace analysis In this paper the focus is put on one particular design, where six linear motors are all directed by z e : this guarantees a large workspace in this particular direction. . Figure 17 presents the domain where the condition number of the normalized Jacobean matrix is smaller than 8 (note that along z direction, the workspace is only limited by the actuators' range).
5.3
Practical design considerations In principle, it could be interesting for simplicity to directly connect the "single rods" to the travelling plate; however, such a practical design faces too many self-collisions. The machine depicted in Figure 16 -left shows such a practical design. Another architecture avoiding self-collisions is shown in Figure 16 -right. In this case 0 f = , but single rods have a curved shape.
Figure 16. Self-collision-free design #1 and #2
A prototype is about to be built. The practical design is extremely simple thanks to Linear motors ( Figure  18 ). Dimensions are the ones introduced for computing the workspace. Rods and travelling plate are made of aluminium. Spherical joints are new passive joints made by Ephaist Company (Japan). Instead of using rackand-pinion systems, the mobile platform has been equipped with cable-pulley devices. 
6
Conclusion In this paper, several techniques for reaching high tilting angles have been presented, with a focus on solutions related to articulated travelling plates. Even though such results are still in an early stage of development, they show it might be possible to use, on the one hand, travelling plates embedding passive joints which allows local motion amplification, and on the other hand, actuation redundancy as a way to overcome some singular positions that usually limit the range of motion.
7
